Abstract. A family of space-time finite element approximation schemes is presented for the nonlinear partial differential equations governing diffusion in the surface of a body of revolution. The schemes share with the partial differential equations properties of conservation of volume and decrease of area. Numerical experiments are described showing that the result of the linear theory of small amplitude longitudinal perturbations of a cylinder to the effect that a long cylinder is stable against all perturbations with spatial Fourier spectra containing only wavelengths less than the circumference of the cylinder does not hold in the full nonlinear theory. Examples are given of cases in which longitudinal perturbations with high wave-number spectra grow in amplitude, after an initial rapid decay followed by a long "incubation period," and result in break-up of the body into a necklace of beads. The results of finite element calculations are compared with the predictions of a perturbation analysis.
1. Introduction. We are concerned here with the numerical computation of morphological changes induced in an isotropic and homogeneous solid body by mass diffusion within the body's bounding surface $. We employ a constitutive equation, due to Herring [6] , expressing the mass flux q in $ as a linear function of the gradient in $ of the sum H of the principal curvatures:
(1.1) q -KVsH.
Here K > 0 is a material constant proportional to the surface self-diffusion coefficient of the isotropic material of which the body is composed, and we are using a, sign convention for curvature such that H is positive for a sphere. As was observed and exploited by Mullins [9] , when the only motion is the flux q in S, the mass balance yields the following relation between the rate v of advance of S along its exterior normal and the surface divergence of q: (1.2) pv + divsq 0; here p is the mass density, per unit volume, of the material in the body.
For a given characteristic length L, the theory of (1.1), (1.2) is rendered dimensionless by replacing quantities x, r, etc., with dimension of length by x L, r L, etc., the time by pL4t/K, and hence q by Kq/L 2 In a recent survey [1] , Cahn and Taylor discuss the difficulties encountered when one attempts to extend techniques employed to develop the theory of motion by mean curvature to the theory of motion by Laplacian of mean curvature. Whereas H in (1.4) is given by second-order spatial derivatives of surface coordinates, As H in (1.3) depends on fourth-order derivatives of the coordinates, and this elementary fact has the important consequence that a maximum principle employed in the theory of (1.4) does not hold for (1.3) .
Among the papers presenting computational methods for motion by mean curvature are that of Dziuk [3] , giving a semidiscretization scheme based on tangential gradients, and that of Sethian [11 ] , based on a level set formulation of equation (1.4 ).
Among recent analytical developments in the analysis of the motion of surfaces by mean curvature are Huisken's short-time existence and regularity results [8] , Soner and Songanidis's analysis of the nature of singularities in axially symmetric surfaces [12] , and Evans and Spruck's theory of viscosity solutions [5] for a level set formulation of (1.4).
Interesting and very recent results in the theory of motion by Laplacian of mean curvature in a plane are proofs by Elliott and Garcke [4] of the asymptotic stability of circles and of global existence of planar solutions with initial data in a neighborhood of a circle.
The numerical methods and results presented here are for initial-value problems arising in the theory of motion by Laplacian of mean curvature for axially symmetric surfaces subject to periodic boundary conditions. In 2 we give various forms taken by the system (1.1), (1.2) for such surfaces and discuss relevant laws of conservation of volume and decrease of area [2] .
A variational formulation presented in 3 is discretized in 4 with space-time finite element schemes that yield analogues of the laws of conservation of volume and decrease of area that hold for (1.1), (1.2 [10] , in the study of small amplitude longitudinal perturbations of a cylinder it has been customary to restrict attention to the linearization of (1.5) [2] to the effect that such is not the case in the theory of the nonlinear equation (1.5) .
The arguments given in [2] We put f2 (a, b) and write 2-(0, T) for an interval with T > 0 on which solutions of (2.1)-(2.3) with r > 0 are defined. Under the conditions of periodicity just described q2(x, r)r(x, r) + r2x(X, r)dx dr is constant:
For each initial configuration r0 we seek r(., t) satisfying (2.1.), (2.2), and the periodicity conditions. The equation of evolution for r, (1.5), which is fourth order in the space variable x, can be formulated in terms of r and H to yield a coupled system of second order in x. The resulting fully nonlinear initial-value problem with periodic boundary conditions has a variational formulation that can be slightly simplified by introducing a function R defined by (2.9) R(x, t) -rZ(x, t).
In this way we are led to the following problem. ot(ki -t-kj) ot(ki) ot(kj) (eot(ki+kj) e(Ot(ki)+(kj))t), cicj-(ki,kj) ot(ki kj) (ki) (kj) (eo(k-kj) e(a(k)+a(kj)) t) with o as in (1.10) and (5.8a) fl(k) k2(1 -+-k2), (5.8b) fl+ (ki k j) (ki kj + k + k) ( pairs (i, j) , the secondorder perturbation analysis, like the linear theory, does not yield the existence of times at which g(t) increases; however, a higher analysis may yield such times. In fact, exponential growth of g(t), beginning at some time > 0 and proceeding until break-up occurs, i.e., until a time t* at which there are.values x* of x with r(x*, t*) 0, will be shown in an nth-order perturbation analysis if (1.11b) holds for an M-tuple (m m mM) with the mi having (positive, negative, or zero) integral values.
In the numerical experiments reported here (1.1 la) and (5.10) hold for at least one pair (i, j), < j, and hence although the linear theory based on (1.8) predicts that the cylindrical body is asymptotically stable against the perturbation studied, the second-order theory predicts that the body is not stable against the perturbation and suggests that break-up can occur at a finite time. Specifically, underthe conditions of the experiments, the second-order analysis yields the conclusion that for short times r(x, t) is approximated by the expression
where each ot (ki) is negative, and hence, after a brief time interval, r (x, t) will be close for all i.e., the body will be essentially indistinguishable from a cylinder. In a subsequent time interval, however, r (x, t) will be approximated by
where f is as in (5.9) and r' is the set of pairs (i, j) with 1 _< < j < M and [ki kj[ < 1;
during that interval g(t) will increase monotonically. Let v be the minimum value that g(t) must have for a departure ofthe body from cylindrical shape to be easily observable after g(t) has decayed and started to increase. The time t# at which g(t) attains the value v (after an initial decrease) may be called the "incubation time" for observable growth of a perturbation which according to the linear theory (1.8) would only decay. The second-order perturbation analysis gives the following relation for t# in the case in which there is precisely one pair (i, j) for which (5.10) holds" (5.11) v 62 f (ki, kj; t#).
A reasonable value for v would be 0.05. We note that equation (5.11) implies that t# varies slowly, i.e., logarithmically, with e.
For large k, or(k) decreases rapidly with k; indeed, as oe(k) -k4. However, on the interval 0 < k < 1 where or(k) is positive, the maximum value of or(k), ot(1//), is only time required for decay of an initial perturbation that has each ki appreciably greater than 1.
This disparity in time scales requires that time steps be adjusted in numerical calculations in accord with the rate of convergence of the iterative procedure described at the end of 4, i.e., in accord with the rate of evolution of R and H. According to the second-order perturbation analysis, the two sinusoidal terms in the initial data should decay rapidly, and, after this rapid decay, which in the present case lasts until approximately 2 10-2, r(x, t) should be, for a while, close to a cosine function of x which has period 47r and an amplitude growing as e (1-/2t with or(l/2) 3/16. In the finite element scheme, the interval a < x _< b was chosen to have length 87r, i.e., two periods, and was discretized into 512 equal segments. For the time interval 0 < _< 5 10 -2 that contains the times of rapid decay of g(t), the time step, At, was chosen to be 10-4; during the early growth phase, i.e., for 5 10 -2 < < 28.05, At was set equal to 10-2. For 28.05 _< _< 28.27234 t*, the time steps were refined in such a way that At decreased rapidly as approached the break-up time t*. (As is common practice, we repeated suspected critical parts of this and the second numerical experiment using refined spatial and temporal meshes; the reported mesh densities are such that further refinement produced no change in results.)
In In Fig. 2 , where we employ equal scales for the ordinate and the abscissa, there are shown profiles of the axially symmetric body whose surface is given by r r(x, t). The initial configuration is seen in Fig. 2a . At a time 10 -2 the body is of cylindrical shape to within an error of the order 0.1% in r. If we set v 0.05, the configuration shown in Fig. 2b, There are cases in which the evolution of the subbodies formed at time t* can be studied for > t* by reparameterizing with spherical coordinates the surface of each connected subbody. In this procedure one chooses a point on the original x-axis to be the origin of a spherical coordinate system, and the closed surface of the subbody containing that origin is described by giving the distance ? from the origin to a point on the surface as a function of and the colatitude q) measured from the x-axis. A finite element method analogous to In the experiment under discussion here, the subbodies are congruent and for all > t* are star shaped with respect to the midpoints of successive values of x*. Calculated profiles of a subbody for several times t* -t-/" with/' > 0 are seen in Fig. 3 
